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We present a partonic picture for diffractive onium-nucleus scattering in the large-number-of-
color limit from which the distribution of rapidity gaps in a certain kinematic region can be
deduced. This picture allows us to draw a parallel between diffractive dissociation and the
genealogy of partonic evolution, the latter being essentially similar to a branching-diffusion
process in which the branching is the parton splitting, and the diffusion occurs in the transverse
momenta of the partons. In particular, we show that the rapidity gap distribution corresponds
to the distribution of the splitting rapidity of the last common ancestor of the partons whose
transverse momenta are smaller than the nuclear saturation scale, when the scattering process
is viewed in the restframe of the nucleus. Numerical calculations are also implemented to
support the analytical predictions.
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1 Introduction
Despite the fact that a hadron is a weakly bound system of partons in the context of high-energy
scattering, there was a notable observation from the electron-proton collision at DESY - HERA
that, in a proportion of about 10% of the events, the scattered proton remains untouched1,2. This
phenomenon is defined to be hard diffraction and characterised by a large angular separation
between the outgoing proton and the particle produced closest to the direction of the outgoing
proton in the final state, which is corresponding to a large Lorentz-invariant rapidity gap y0.
Diffractive dissociation is also expected to happen in high-energy electron-nucleus collision at a
future electron-ion collider (EIC) 3.
In the work reported here, we focus on diffractive dissociation in the scattering of an onium
(a color-singlet quark-antiquark pair) off a nucleus, which is directly related to the electron-
nucleus scattering in small-x limit (see Sec. 2 below) . In particular, we put an effort to find
the event-by-event rapidity gap distribution and try to relate diffraction with ancestry problems
in branching-diffusion processes. This paper summarises discussions and results from papers
published previously 4,5 (Sec. 3), and provides further original numerical results on the ancestry
problem in comparison to diffraction (Sec. 4).
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2 Diffraction in the Kovchegov - Levin formalism
The small-x description of deep-inelastic scattering allows us to treat the virtual photon, which
mediates the interaction between the electron and the nucleus, as a colorless qq¯ dipole (onium)
in some appropriate reference frames (see Fig. 1). The S-matrix element S(r, y) describing the
scattering of an onium of size r off a nucleus at the rapidity y in QCD is governed by the so-called
Balitsky-Kovchegov (BK) evolution equation 6,7, which is written in the framework of the color
dipole model 8 as
∂yS(r, y) =
α¯
2pi
∫
d2r′
r2
r′2(r − r′)2
[
S(r′, y)S(r − r′, y)− S(r, y)] , (1)
where the notation α¯ ≡ αsNc/pi is used (Nc is the number of colors, and αs is the strong coupling
constant). The initial condition (at y = 0) could be given by the McLerran-Venugopalan (MV)
profile 9,10:
SMV (r) = exp
[
−r
2Q2MV
4
ln
(
e+
4
r2Λ2QCD
)]
, (2)
which characterises the interaction between a bare onium of size r with the nucleus. QMV is the
saturation momentum scale of the nucleus such that 1/QMV could be interpreted as the onium
size above which the probability of scattering is of order unity.
As shown by Kovchegov and Levin11,12, the diffractive dissociation of the onium due to the inter-
action with the nucleus can be described by an auxiliary function SD(r, y, y0), which corresponds
to the probability of observing a gap larger than y0 and obeys the BK equation:
∂ySD(r, y, y0) =
α¯
2pi
∫
d2r′
r2
r′2(r − r′)2
[
SD(r
′, y, y0)SD(r − r′, y, y0)− SD(r, y, y0)
]
, (3)
Figure 1 – A diagramatic illustration of the diffractive scaterring.
The virtual photon fluctuates to an onium, which, in turn, devel-
ops to a gluon shower before interaction with the nucleus. Only
gluons of rapidity larger than y0 (viewed from the nucleus) can
be hadronized to become final-state particles while other gluons
recombines back to the original onium, leaving a rapidity gap y0.
with the initial condition given by
SD(r, y = y0, y0) = S
2(r, y0). (4)
The diffractive cross-section can then
be derived from SD by taking a y0 -
derivative,
dσD
dy0
= − ∂
∂y0
SD(r, y, y0). (5)
Equations (1) and (3), equiped with
their initial conditions (2) and (4), are
known as the Kovchegov-Levin (KL)
system of equations for the diffractive
onium-nucleus scattering a. Due to
the sophisticated structure of this sys-
tem, the formalism is not helpful in
understanding the analytic behavior of
the rapidity gap distribution, which
requires other approaches to get in on
the act.
aIn the original paper of Kovchegov and Levin11, instead of SD, they derived an equation for ND = 1−2S+SD
3 Diffractive onium - nucleus scattering from a partonic picture
3.1 Rapidity gap distribution
Let us start from the total cross-section and describe it in the frame in which the nucleus is at
rest while the onium is boosted to the total rapidity of the scattering, which is hereafter denoted
by Y . Boosting the onium to a higher rapidity gives possibility for additional soft gluons to be
emitted. In the large-Nc limit, a one-gluon emission by the onium can be viewed as a splitting of
a dipole into two dipoles, in general, of different sizes. This splitting, which may be repeated for
subsequent dipoles for further boost, makes the QCD evolution of the onium appear as a dipole
branching-diffusion process. At the time of interaction, the onium interacts with the nucleus not
as a bare dipole, but as a set of dipoles whose detail varies from event to event. For a scattering
to occur with a significant probability, it is required to have at least one dipole in the onium
Fock state at rapidity Y whose size is larger that 1/QMV .
Back to the diffractive onium-nucleus scattering, it is also beneficial to adopt the picture of
event-by-event large-dipole fluctuations for the dipole evolution. Instead of being in the rest
frame of the nucleus, a diffractive event is now modeled in a frame in which the nucleus is
boosted to a rapidity y0, leaving the remaining rapidity y˜0 = Y − y0 to the onium. Unlike the
onium, the nucleus is a dense system of gluons whose evolution in rapidity is deterministic, and
it is now characterised by the evolved saturation momentum Qs(y0) defined by
Q2s(y0) = Q
2
MV
eα¯y0χ
′(γ0)
(α¯y0)3/(2γ0)
, (6)
where χ(γ) = 2ψ(1) − ψ(γ) − ψ(1 − γ) is the eigenvalue of the kernel of the linearised BK
equation (1) around S ∼ 1 corresponding to the eigenfunction 1 − S = r2γ . γ0 is the solution
of the equation χ′(γ0) = χ(γ0)/γ0 (γ0 ≈ 0.63). For the onium, the stochastic nature of the
evolution results in the fact that there may be some events in which the onium Fock state at
the rapidity y˜0 contains at least one exceptionally large dipole whose size is beyond 1/Qs(y0).
For such realization of the onium state, the scattering with the nucleus in this particular frame
has unit probability, and consequently, the probability of having an elastic scattering of this
system with the nucleus is of order unity. Therefore, that generates a rapidity gap y0, and the
rapidity gap distribution dσD/dy0 is then corresponding to the probability to have that type of
events. Using the travelling wave solution of the BK equation 13, the argument above allows a
straightforward derivation of the rapidity gap distribution, which is given by
1
σtot
dσD
dy0
= cD
[
α¯Y
α¯y0(α¯Y − α¯y0)
]3/2
. (7)
The diffractive cross-section dσD/dy0 normalised to the total cross-section σtot in the equation
(7) gives a valid y0-dependence for a fixed asymptotic large rapidity Y in the so-called scaling
region defined by
1 ∣∣ln [r2Q2s(Y )]∣∣√α¯Y χ′′(γ0). (8)
A more detailed calculation would show an additional Gaussian suppression factor of the form
exp
[
− ln
2[r2Q2s(Y )]
2χ′′(γ0)α¯(Y−y0)
]
in the equation (7), which tends to 1 when moving deeply inside the
scaling region (8). The understanding of the rapidity gap distribution from this elegant formula
is, however, not complete since the constant cD cannot be determined from this approach.
3.2 Diffraction and ancestry problem for dipole evolution
The picture for the diffractive onium-nucleus scattering induces another interesting problem
related to the genealogy of the dipole evolution. Returning to the nucleus rest frame, one now
considers all dipoles of size larger that 1/QMV and trace the evolution of the onium back to the
rapidity y0 (viewed from the nucleus) where the last common ancestor of these extreme particles
splits. The distribution of this branching rapidity, G(r, y, y0), is governed by the following exact
ancestry equation 14,15:
∂yG(r, y, y0) =
α¯
2pi
∫
d2r′
r2
r′2(r − r′)2
[
G(r′, y, y0)S(r − r′, y)
+ G(r − r′, y, y0)S(r′, y)−G(r, y, y0)
]
, (9)
with the initial condition
G(r, y = y0, y0) =
α¯
2pi
∫
d2r′
r2
r′2(r − r′)2
[
1− S(r′, y0)
] [
1− S(r − r′, y0)
]
. (10)
The function S(r, y) that appears in this equation is again the S-matrix element, which obeys
the BK equation (1). Although it is intractable to solve the ancestry equation for G(r, y, y0)
analytically, its behavior could be understood by adopting an appealing relation between the
diffraction and the ancestry problems. Indeed, if the initial onium size is chosen so that it is far
away from the saturation boundary of the nucleus, as indicated by the leftmost inequality in the
condition (8), the last common ancestor of the extreme particles is due to a large fluctuation
at y0 which generates a dipole of size beyond 1/Qs(y0) with a high possibility. In this sense,
the distribution of the branching rapidity of the last common ancestor is tantamount to the
distribution of the rapidity gap up to an overall constant, in the scaling region.
As discussed previously, the QCD evolution of the onium is a dipole branching-diffusion pro-
cess, which turns out to be similar to a branching Brownian motion (BBM). Consider an one-
dimensional BBM along the x-axis in time t, with the diffusion coefficient D and the branching
rate r. The mean density of particles u obey the equation ∂tu = ηˆu, where ηˆ = D∂
2
x + r is the
branching-diffusion kernel. The kernel ηˆ admits the eigenfunction e−βx, which corresponds to
the eigenvalue η(β) = Dβ2 + r. At the final time t = T , let us pick n (n = 2, 3, . . .) leftmost (or
rightmost) particles in each realization and search for the spliting time t0 of their last common
ancestor. Derrida and Mottishaw16 recently found that, the distribution p(t0|T ) of that splitting
time is given by
p(t0|T ) = 1
β0
1√
2piη′′(β0)
[
T
t0(T − t0)
]3/2
, (11)
where β0 solves the equation η(β0) = β0η
′(β0). This problem is not equivalent, but in the similar
fashion to the ancestry problem in the context of dipole evolution. In fact, this distribution is
precisely the same as the rapidity gap distribution in the equation (7) up to the substitutions
α¯Y ↔ T and α¯y0 ↔ t0, and to an overall constant. Another appealing feature of the ancestry
distribution in the BBM context is that, the overall normalization factor is definitely determined.
The translation of this factor from the BBM to the dipole branching-diffusion can be done by
the effective replacements η(β)↔ χ(γ) and β0 ↔ γ0, so that the overall constant in the equation
(11) for the latter case should read
c =
1
γ0
1√
2piχ′′(γ0)
. (12)
One may conjecture that this constant could be the unknown constant cD in the equation (7)
by the diffraction-genealogy parallel. We shall examine this analogy numerically in the next
section.
4 Numerical results
Although it is impossible to solve analytically the KL and ancestry systems of equations, the
numeric integration of these systems could be implemented quite straightforwardly. We are
going to test the validity of the distribution (7), together with the diffraction-genealogy analogy
for large values of the total rapidity Y .
Figure 2 – Numerical solutions for 1
σtot
dσD
dy0
(“Diffraction”) and G
1−S (“Ancestry”) with the total rapidity α¯Y = 20
and the onium size rQMV = 4.0 × 10−21 as functions of α¯(Y − y0). The red continuous curve is the analytical
prediction (7) (“Theory”) with cD =
1√
2piχ′′(γ0)
. This figure is adapted from Ref. [15].
Numerics for α¯Y = 20 and for the onium size inside the scaling region (8) exhibits a good
agreement between the normalised distributions of the rapidity gap and the ancestor’s splitting
rapidity, as shown in Fig. 2. They all match the analytic behavior (7) fairly well as expected.
Switching to a higher value of the total rapidity, α¯Y = 40, one obtains a better fit to the analytic
distribution (Fig. 3), with the fitted overall constant closer to the conjectured value (12) from
the BBM distribution, as compared to the previous case with α¯Y = 20. As moving towards
the rightmost boundary of the scaling region (8), the Gaussian suppression, as mentioned in the
previous section, becomes significant (Fig. 4). This observation further verifies the reliability of
the present approach.
Figure 3 – Numerical solution for G
1−S (the blue dotted
line) with α¯Y = 40 and rQMV = 8.56×10−43 as a func-
tion of α¯(Y − y0) as compared to the BBM prediction
(the red continuous line). The overall constant from the
fit (the black continuous line) is cfit ≈ 1.13√
2piχ′′(γ0)
.
Figure 4 – Numerical solutions for G
1−S (Ancestry) with
α¯Y = 40 as functions of α¯(Y − y0) for the onium size
rQMV approaching the rightmost boundary of the scal-
ing region (8).
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